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World Wide Web

A. Broder et al WWW9 (00)
IBM

Image by Matthew Hurst



Internet



Structure of an organization

Red, blue, or green: departments 
Yellow: consultants                        

Grey: external experts www.orgnet.com



Erdös-Rényi model
(1960)(1960)

Pál ErdösPál Erdös
(1913-1996)

Connect with 
probability p

p=1/6 N=10 

〈k〉 ~ 1.5 Poisson distribution

- Democratic

- Random- Random



World Wide Web
Nodes: WWW documentsrk

Over 1 Trillion documents

Nodes: WWW documents 
Links: URL links
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ROBOT: collects all URL’s 
found in a document and 
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R. Albert, H. Jeong, A-L Barabási, Nature, 401 130 (1999).
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Network Robustness:

Topology matters!

Network Robustness: 

node 
failurefailure

f c = 1 −
1

k 2 / k − 1
γ < 3

k 2 → ∞
N → ∞

f c → 1

Spreading Phenomena:

ρ< k >

λλ 

Active 
phase

Virus 
death

λc =
< k >
< k 2 >

k 2 → ∞
c

Cohen/Havlin, PRL (2001); Pastor Satorras & Vespignani, PRL (2001)

γ < 3
k → ∞
N → ∞

λ c → 0



PageRank

pt (i) =
1− α

N
+ α

Aij pt −1( j)
kout ( j)

.
j

∑
j

( ) k f dpt(i) : pagerank of node i in 
iteration (time) t

• Surf the network by following edges at random, occasionally
(probability α) “jumping” to a randomly chosen node.

• Stationary state (tÆ∞) leads to pagerank p(i) of node i.

• Diffusion on a directed network.
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PageRank has transcended Google

Citations
D. Walker et al, J.Stat. Mech. (2007)
F. Radicchi et al,  Phys. Rev. E. (2009). 

Ecological speciesEcological species
Allesina and Pascual, Plos Comput. Biol. (2009). 

Genes
J. Chen et al, BMC Bioinformatics (2009)
Ivan and Grolmusz Bioinformatics (2011)Ivan and Grolmusz, Bioinformatics (2011).

PhD Programs
B.M. Schmidt and M.M. Chingos, PS: Political Science and Politics (2007).

Traffic Flow
l h ( )B. Jiang et al, J. Stat. Mech (2008).

Word Disambiguation
Navigli and Lapata, IEEE‐TPAMI (2010).

Major differences between the topological properties of these systems!

ÆHow does the ranking quality depend on the network topology?

ÆIs pagerank intrinsically better at ranking some networks than other networks?



Ranking quality is a major issue in computer science

Pagerank is score‐stable (L1) to edge additions and deletions
S. Chien et al, Link Evolution: Analysis and Algorithms, Internet Math. 1, 3 277(2003).

Stability governed by reset parameter α
A.Y. Ng et al, Link Analysis, Eigenvectors and Stability, ICJAI‐01, 903 (2001). 

Pagerank is not rank‐stable to edge perturbations
R. Lempel and S. Moran, Rank‐stability and rank‐similarity of link‐based web ranking algorithms 

in authority‐connected graphs, Inf. Retrv. 8 (2005).

Local topology of network can be manipulated to maximize effective search and 
visitation times using pagerank

C. de Kerchove et al,Maximizing PageRank via outlinks, Linear Algebra and its Applications, 429
1254 (2008).

Spectral properties of Google matrix 
O. Giraud et al Phys. Rev E 80 (2009)y ( )



Mean Field Approximation

Average pagerank of a node with degree k = (kin,kout):

p(k) =
(1 − α)

+
α

×
kin .p(k)

N
+

N kin

.

Fluctuation of pagerank around mean value:Fluctuation of pagerank around mean value:

σ(k) ≈
α 2 kin

2 1/ 2

ki
−3 / 2 × ki

1/ 2.σ(k)
N kout

kin × kin .

Degree preserving perturbationsmaintain the role of the network topology.

If a node’s in‐degree changes, it will obviously alter its PageRank.

1S. Fortunato et al, Lecture Notes in Computer Science 4936,59 (2008).





Stability Criteria

σ( pm ) ≤ Δ(pm ). Δ( pm )
( )

≥1.Stability Criteria:
σ( pm )



Difference Between Scale-Free and Exponential Distributions

N =104,λ = 0.2Exponential: 

N =104,γ = 2.3Scale‐free: 



Stability Criteria

σ( pm ) ≤ Δ(pm ). Δ( pm )
( )

≥1.Stability Criteria:
σ( pm )



The gap ∆(pm) = (pm  - pm+1) and fluctuation σ (pm) for different topologies.

Exponential [P(k)~e‐λk]: Scale-Free [P(k)~k‐ϒ]:

ΔSF ( p ) =
α

× fΔ
SF (m γ )Δexp(p ) =

α
× f exp(m) Δ ( pm ) =

N (γ +2)/(γ −1) × fΔ (m,γ )

σSF (p ) =
α 2

× gSF (m γ )

Δ (pm ) =
N

× fΔ (m)

σexp(p ) =
α 2

× gexp(m λ) σ (pm ) =
N (2γ −3)/ 2(γ −1) × gσ (m,γ )σ (pm ) =

N
× gσ (m,λ)

Δexp(pm )
σexp(pm )

= α −1 × F exp(m,λ). ΔSF (pm )
σSF (pm )

=
N1/ 2(γ −1)

α
× F SF (m,γ ).
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The larger N, the more likely that 

Δ( pm )
σ( pm )

≥1.
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Does not depend on N!
g , y

the stability criteria is satisfied!

m: the rank of a node



SIZE MATTERS!

In a larger system, there is a 
higher chance that we have an 

li i ifi l ioutlier: significantly prettier, 
taller, smarter, or richer than 

everyone else.

Scale‐free systems have outliers, 
bounded systems do not.



Size matters when we rank in a scale-free environment

N =102 γ = 3 5 N =104 γ = 3.5N =10 γ 3.5 N =10 γ 3.5

Fluctuations smaller 
h

Fluctuations always 
exceed the gap: 

than gap: 
A few stable ranks.

no stable ranks.

Æ critical system size Nc below which the stability criteria is never satisfied.

To have at least one stable node, the gap must 
exceed the fluctuation for the top-ranked node m = 
1.

Δ( p1)
σ(p1)

=1,

N1/ 2(γ −1) 2( 1)2 ( 1)( 2)⎡ ⎤ N is a solution to
±

N1/ 2(γ 1)

[1− N (3−γ ) /(γ −1)Γ(1− 1
γ −1)

3−γ ]
=

α 2(γ −1)2

Γ(1− 1
γ −1)

×
(γ −1)(γ − 2)

±γ (γ − 3)
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ .

Nc is a solution to 
this transcendental 

equation.



Critical system size Nc

e)

How many nodes are 
superstable in this regime?

ne
tw

or
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ϒÎ 

superstable in this regime?

(n ϒÎ 

Bounded 
distribution:
No 
superstable
nodes

(degree exponent)



Size matters in scale-free networks

N =102 γ = 3 5 N =104 γ = 3.5N =10 γ 3.5 N =10 γ 3.5

m<mc: Fluctuations 
ll h

Fluctuations always 
exceed the gap: 

smaller than gap: 
A few stable ranks.

no stable ranks.

Æ critical system size Nc below which stability criteria is never satisfied.

Æ critical rank mc below which stability criteria is satisfied.

Determine mc  from the 
stability ratio:

Δ( pm )
σ( p )

=1 mc ≈ N1/(2γ −1) × F(α,γ ).Æ
stability ratio:, σ( pm )

m<mc : superstable nodes. 
By the virtue of the many links they have, their ranking is independent of who points at them!!!





Critical rank mc

mc ~ γ −γ

m
c

Degree Exponent γ



Do we have superstable nodesDo we have superstable nodes 
in real systems?



Super-stable nodes in real networks



Stability Criteria

σ( pm ) ≤ Δ(pm ). Δ( pm )
( )

≥1.Stability Criteria:
σ( pm )



Real Data



An Unexpected Bonus:An Unexpected Bonus:
Temporal Stability



Super-stable nodes in real networks



Temporal stability of super-stable nodes 



Temporal stability of super-stable nodes 



• Topology does matter: scale-free networks (e.g. www) contain a few superstable
nodes, whose pagerank is remarkably resistant to rewiring perturbations.

• Size matters too: the larger the network, the more stable are the top nodes.

• Super-stable nodes are real: present in real networks, and their number agrees
with the analytical predictions.t t e a a yt ca p ed ct o s

• Super-stability matters: these nodes demonstrate remarkable temporal stability
(not predicted by our analysis, but nice :)

Maybe not, unless you are an

Thanks to two outliers:

Maybe not, unless you are an 
outlier…

Gourab Ghoshal,
Mauro Martino

CCNR‐NEU.





G.Ghoshal and A.‐L. Barabasi



Google’s dirty little secret revealedGoogle s dirty little secret revealed…

G.Ghoshal and A.‐L. Barabasi
CCNR‐NEUCCNR‐NEU.



Network N γ Nc

mc  
(predicted)

mc  
(measured)

Google Web sample 875,713 2.5 0 4 1

Notre Dame Web sample 325,729 2.1 0 3 3p ,

Stanford Web Sample 281,903 2.1 0 2 2

Berkeley‐Stanford Web 685,230 2.1 0 3 3

Hep‐th citations 27,770 2.8 0 3 2

Amazon co‐purchase 223,431 4.3 2,730 2 2

Wikipedia voting 7115 3.3 50 2 1Wikipedia voting 7115 3.3 50 2 1

Mobile Call Graph 4,562,263 5.2 150,000 2 3

C. Elegans neural  307 ‐ ∞ 0 1

Food Web (Little Rock Lake) 183 ‐ ∞ 0 0

Food Web (Silwood Park)  154 ‐ ∞ 0 0



$1.4 ×1010

Each!







Critical system size Nc



Decoding the tail

Order Statistics

Assume that quantity x distributed according to p(x). The probability to take on a 
value greater than x:g

P(x) = p(x ')dx'
x

∞

∫ .

If wee draw N numbers repeatedly from p(x) the probability of a particular draw to 
be the largest number is,

π(x) = Np(x)[1 P(x)]N −1π(x) = Np(x)[1− P(x)] .

Therefore expectation value (the average) of the largest number is,

xmax = xπ(x)dx
0

∞

∫ .



Decoding the tail

Order Statistics

We are interested in the m’th largest number or m’th ranked number where

The probability to the be the m’th ranked number is,

We are interested in the m th largest number, or m th ranked number where,
m runs from 1…N, with m = 1 the top rank and m = N the bottom rank. 

πm (x) =
p(x)P(x)m −1[1 − P(x)]N −m

B(N − m +1,m)
.

As before, the expectation value of the m’th ranked number is,

xm = x
0

∞

∫ πm (x)dx.



Order Statistics

λkExponential: p(k) ~ e−λk .

1 1 1N

xm =
1
λ

(HN − Hm +1) ≈
1
λ

[log(N) + O(N −1)]. HN =
1
k

.
k =1
∑where

Scale-Free: p(k) ~ k −γ .

xm ≈ N1/(γ −1) Γ(m − 1
γ −1)

Γ(m)
.



Decoding the tail

Order Statistics

What about difference between successively ranked values? Define gap as 

Exponential:

Δ = xm − xm +1 .

Δexp =
1

λ(m+2)
.

Scale Free:Scale-Free:

ΔSF ≈ N1/(γ −1)
Γ m − 1

γ −1( )
Γ(m)

1
m(γ 1)

.
Γ(m) m(γ −1)



Decoding the tail



Bridging the gap

(1− α) α ki

Connecting the degree distribution and pagerank.

p(k) =
(1 α)

N
+

α
N

×
kin

kin

.

2 2 1/ 2

xm ≈ N1/(γ −1) Γ(m − 1
γ −1)

Γ(m)
.

σ(k) ≈
α 2

N
kin

2

kout

1/ 2

kin
−3 / 2 × kin

1/ 2.

( )

For example:For example:

pm =
1− α

N
+

α
N kin

× N1/(γ −1) Γ(m − 1
γ in −1)

Γ(m)
.

The average pagerank of the node ranked m (top-ranked node m = 1).



Stability Criteria

σ( pm ) ≤ Δ(pm ). or Δ( pm )
σ( p )

≥1.
σ( pm )



The importance of γc = 3

α 2 k 2 1/ 2

Remember the expression for the fluctuations around the average pagerank pm

σ(k) ≈
α
N

kin

kout

kin
−3 / 2 × kin

1/ 2.

Let’s calculate it explicityLet s calculate it explicity,

kin
2

k
= (γ in −1)(γ out −1)

kin
2−γ in

k1−γ t
dkindkout

∞

∫
∞

∫ =
γ in −1

3
×

γ out −1
.

kout

(γ in )(γ out )
kout

1 γ out in out
1
∫

1
∫ γ in − 3 γ out

Expression diverges as γin approaches 3 from above. Consequence of looking at 
an infinite systeman infinite system.

For a finite system, this must be bounded by the maximum value---degree of the 
top ranked node…



The importance of γc = 3

By renormalizing with this maximum value, we can calculate precisely how the system 
diverges:

k 2 k 2 γKK

Where

kin
2

kout

= (γ in −1)(γ out −1)
kin

2−γ in

kout
1−γout

dkindkout
1

Kout

∫
1

Kin

∫ = ±C±

γ in −1
γ in − 3

×
γ out −1

γ out

Where,

C+(γ in > 3) =1 − N (3−γ in ) /(γ in −1) f (γ in ),
C ( 3) N (3−γ ) /(γ −1) f ( ) 1

Most importantly,

C−(γ in < 3) = N (3 γ in ) /(γ in 1) f (γ in ) −1.

lim
γ in→3

C±

±(γ in − 3)
=

1
2

log(Nπ ).



The existing network maps are not perfect

Incompletely mapped: Noisy:p y pp

WWW (Lee and Giles’ 1999);
Google: maps about XX% of the web

Protein interaction networks (10% coverage)

y

Protein interaction networks:
high level of false positives and negatives

Protein interaction networks (10% coverage) 
Food Webs

How stable is pagerank against the most extreme perturbations 
that does not change the network’s character?that does not change the network s character?



Critical system size Nc

Nc (γ) ~ γγ

γweb γcites γvotes γproducts γphoneγnet



The importance of γc = 3

Three Regimes:

• For γin > 3 fluctuations finite, but gap too small.

Three Regimes:

• For γin < 3 gaps are large but fluctuations extensive in system
size.

• γ = 3 is the “sweet spot” where gaps are large enough and• γin = 3 is the sweet-spot where gaps are large enough and
fluctuations extensive, but only logarithmic in system size.



Temporal stability of super-stable nodes 

WE NEED TO ANIMATE THIS AND THE NEXT SLIDE! MAURO!



N d

Online communities
P k liNodes: online user  

Links:  email contact
Pussokram.com online 
community; 512 days,  
25,000 users.

Kiel University log files 
112 days, N=59,912 nodes

Ebel, Mielsch, Bornholdtz, PRE 2002. Holme, Edling, Liljeros, 2002.



Temporal stability of super-stable nodes 



WWW: 19 degrees of separation

< l > = 0.35 + 2.06 log(N)

nd.edu

19 degrees of separation R. 
Albert et al Nature (99)

< 
l >

based on 800 million webpages                 
[S. Lawrence et al Nature (99)]

Image by Matthew Hurst                           



M l ld t k hMany real world networks have a 
similar architecture:

Scale-free networks

WWW, Internet (routers and domains), electronic circuits, computer 
software, movie actors, coauthorship networks, sexual web, instant 
messaging, email web, citations, phone calls, metabolic, protein g g p p

interaction, protein domains, brain function web, linguistic networks, 
comic book characters, international trade, bank system, encryption trust 

net, energy landscapes, earthquakes, astrophysical network…



Origin of SF networks: Growth and preferential attachment

(1) Networks continuously expand 
b  th  dditi  f  d

GROWTH:
by the addition of new nodes

WWW : addition of new documents
add a new node with m links

PREFERENTIAL ATTACHMENT: the (2) New nodes prefer to link to 

Π(k )
ki

PREFERENTIAL ATTACHMENT the 
probability that a node connects to a 
node with k links is proportional to k.

(2) New nodes prefer to link to 
highly connected nodes.
WWW : linking to well known sites

Π(ki) = i

Σ jk j

P(k) ~k‐3

Barabási & Albert, Science 286, 509 (1999)

P(k)  k


